, "Vertex radius measurement of an off-axis parabola with a three-ball spherometer," Opt. Eng. 55 (12) Abstract. A spherometer is often used to precisely measure the radius of curvature of a spherical surface. It can also measure the vertex radius of a more complex surface such as an off-axis parabola (OAP). This paper provides a reliable algorithm to find the vertex radius of an OAP by solving a few equations based on the test geometry. This algorithm can also be easily expanded to any conic surface with high-order aspheric coefficients. The algorithm was verified by measuring an 8-inch diameter OAP and comparing the results with its known prescription. Results show good agreement. An example of measuring the vertex radius of a 4-m diameter OAP is also presented. In addition to this, a calculation was done to show that the coma and astigmatism are independent of the clocking of the spherometer on the optic.
Introduction
Several techniques for measuring the radius of curvature have been known and used for more than 100 years. These techniques can be classified into direct and indirect methods. For direct methods, the center of curvature is measured by mechanical or optical means. For indirect methods, the radius of curvature is obtained from a measurement of the sagitta or sag of the surface. These indirect methods are extremely sensitive to sag measurement errors. 1 The direct method requires a large work space for long radii and is susceptible to distance measurement errors. When making direct measurements of the radius of curvature, an interferometer and a digital encoder on a slide are often used. The distance measured is from the "confocal" position, where a nulled fringe pattern indicates the interferometer point focus is coincident with the surface center of curvature, to "cat's-eye" position, where a nulled fringe pattern indicates the point focus is at the surface of the sphere. 2 Another direct method that also measures the distance from the "confocal position" to "cat's-eye" position is the autostigmatic measurement, which makes use of a traveling microscope and a vertical illuminator. Just like the previous explanation, the radius distance is the length measured from where the microscope is first focused on the test optic to its center of curvature position. 3 Laser trackers, which make use of distance measuring interferometry, have also been used for this type of direct measurement. This device essentially acts as a coordinate measuring machine where a laser beam is sent out and reflected back by a sphere-mounted retroreflector (SMR). The tracker can detect the SMR movement down to micron level accuracy allowing accurate measurement of the radius of curvature. 1 An instrument that measures the curvature indirectly but measures the sag directly is the spherometer. This contact method can have three equally spaced balls as feet or a ring format, as shown in Fig. 1 . This device is first calibrated using a flat surface. 4 The saggita is the difference between the spherometer indicator reading when it is sitting on a plane surface and when the spherometer is resting on the curved surface to be measured.
The three-ball spherometer sag measurement is simple when measuring spheres, since the spherometer balls touch the surface, which makes them normal to the surface and these go through the center of curvature of the sphere and through the centers of the balls of the spherometer. The radius R in terms of the measured sag t when using a three ball spherometer is 3 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 1 ; 3 2 6 ; 3 0 9
where S is the distance between the center of the balls and r is the radii of the spherometer ball feet and T ¼ t − r, as shown in Fig. 2(b) . The sign in the equation will be positive if the surface being measured is concave, and negative if it is convex. With aspheric surfaces, the ball centers are still aligned with the normals to the aspheric surface, but the normals no longer go through the center of curvature of the asphere. An and Parks 6 provided geometry equations and Excel solver solutions that compute the vertex radius for an off-axis parabola (OAP). We expand on their work and provide a reliable algorithm that simultaneously solves those nonlinear equations by optimization plus an additional constraint that accurately calculates the vertex radius of an OAP using MATLAB.
The geometry of the spherometer on the optic will be presented in Sec. 2. The OAP equations, algorithm developed, and constraint equation will be presented in Sec. 3. Section 4 presents verification results, where an 8-inch OAP was measured and the algorithm created was used to verify that the calculated vertex radius is the same as its manufacturer's prescription. Section 5 presents an example of the primary mirror of the Daniel K. Inouye Solar Telescope (DKIST, formerly the advanced technology solar telescope, ATST) and the calculation of its vertex radius while in grinding. Section 6 discusses the insensitivity of the astigmatism and coma to the spherometer rotation and position on the optic. Finally, Sec. 7 summarizes the work discussed.
Geometry of the Spherometer Resting on an
Axisymmetric Parabola The shape of a paraboloid is determined by Eq. (2), where the z-axis is the axis of symmetry of the parabola and R V is the vertex radius. Any point (X, Y, Z) on a parabola satisfies this equation.
This equation originates from the general expression for a conic surface of revolution, 7 where if the conic constant K ¼ −1, it is a parabola. If this conic constant value is modified, different solutions can be found E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 2 ; 3 2 6 ; 4 6 2
A spherometer has three balls, A, B, and C, and its indicator resting on the OAP and in the geometric center of the balls. The three balls of the spherometer are located at the vertices of an equilateral triangle. R s is the radius of the spherometer circle through the centers of the balls, S is the length of the side of the triangle, and the distance between ball centers, r is the spherometer ball radius, D t is the spherometer indicator position, and E is the height of the triangle, as shown in Fig. 3 . The x-and y-slopes for any point on the parabola are
, respectively. Subscripts c, which are used in the subsequent figures, indicate the center for either the A, B, or C balls. In other words, points A c , B c , and C c are the centers of the balls. Subscript t indicates the contact point with the parabola for these balls. The y-axis lies in the meridional plane, which is the plane of symmetry of the parabola.
To simplify the math and geometry and to make use of the symmetries of the spherometer and the parabola, ball A is placed on the meridian plane with the tip of the indicator D t on this plane also and on the origin (0,0,0) of the parabola. This would be the axisymmetric case, where
In this case, the position Y A c , which depends on the location of the spherometer tip indicator on the y-axis, is the R s distance away from the origin along y. The position of the center of ball A on the z-axis will be a distance of r higher along the normal to the surface than where the ball touches the parabola. Once the position A c has been found, positions B c and B t can be calculated using the geometry of the spherometer, where B c would be E length away along the y-axis and s∕2 along the x-axis with respect to position A c . 
Geometry of the Spherometer Resting on
an Off-Axis Parabola An off-axis paraboloid also satisfies Eq. (2) and if the y-axis also lies on the meridian plane, it can again make use of the symmetries of the spherometer by having ball A placed on the meridian plane along with the tip of the indicator D t which is now, unlike in the previous section, placed some off-axis distance away from the origin of the parabola. Once again X A c ¼ 0 and X D t ¼ 0, as shown in Fig. 2(a) .
An off-axis parabolic segment is determined by its off-axis distance L, shown in Fig. 2(b) , which is the distance from the parent vertex to the center of the off-axis segment. A three-ball spherometer can be placed on the parabola at a known distance L on the axis of symmetry and the vertex radius can be computed by measuring its sag t, which will be positive for a concave surface and negative for a convex one. The next section explains the algorithm used to calculate the vertex radius from the measured sag. The sag and the slope of the normals are the result of knowing the position of D t .
Algorithm and Equations of Spherometer Resting
on an Off-Axis Parabola Based on the geometry shown in Sec. 2, the following five nonlinear equations, which were previously presented by Kyoung and Parks, calculate the vertex radius of an OAP. These should all equal zero when the correct solutions are found 6 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 6 3 ; 2 1 4 The contact point of ball B on the parabolic surface∶
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 6 3 ; 1 6 5 The ball radius r∶
The relationships between the center of the ball B (B c ) and the points of tangency with the parabola (B t ) are found along the surface normal E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 5 ; 3 2 6 ; 5 1 5
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 6 ; 3 2 6 ; 4 7 8
where
are the slopes of the surface normal. The distance between ball centers S E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 7 ; 3 2 6 ; 4 1 2
where X A c ¼ 0 since ball A sits along the meridional plane of the parabola. Finally, Eq. (8) verifies the distance from the parent vertex to the center of the off-axis segment, distance L E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 8 ; 3 2 6 ; 3 1 5
These six equations have six associated unknown variables, (8) depends on Y A t , the latter is the unknown variable. Finally, an additional equation, known as the "constraint equation" is added as Eq. (9), which originated from the general expression for a conic surface of revolution 8, 9 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 9 ; 3 2 6 ; 2 1 5
This is solved to determine the value of the vertex radius R V . We will then have a total of seven equations to solve with seven unknown variables:
As mentioned previously, the y position of ball A on the OAP Y A t can enable to find the position of the indicator tip position on the parabolic segment, which can be calculated from Y A t and the positions of the center of the spherometer balls, the measured sag, and the angle α which depends on the position of balls A and B of the spherometer. Therefore, these ðY D t ; Z D t Þ coordinates can be calculated from the following equations:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 0 ; 6 3 ; 6 8 5
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 1 ; 6 3 ; 6 5 2
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 2 ; 6 3 ; 6 2 4 Subsequently;
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 3 ; 6 3 ;
where (10) and (11) The motivation for making Eq. (9) a "constraint equation" instead of simply optimizing it together with the first six is the fact that this equation has to always equal zero. Z D t depends on the measured sag and the vertex radius, which makes it extremely sensitive to sag error, as Secs. 5 and 6 will show. Therefore, Eq. (9) should have more weight than the others and that is why it was a constraint set in the algorithm that should always be met.
It is important to note that it is not necessary to solve for X B c because its value can be easily found given the triangular shape of the spherometer and the fact that X A c ¼ 0 since, in this case, ball A sits on the meridional plane of the parabola. Therefore, X B c ¼ S∕2 (see Fig. 3 ). If the spherometer was not resting on the meridional plane of the parabola, an additional off-set value would have to be added to find the center of ball B and this would have to be another variable that would have to be optimized in the algorithm.
The six nonlinear equations listed above, Eqs. (3)- (8), are solved using the function fmincon in MATLAB by inputting a starting value for the solution and finding the local solution. This function iterates until it finds a minimum for these equations, using the measured sag T as input. For this process to be successful, reasonable approximations must be used as a starting value to avoid wrong solutions.
To arrive at reasonable starting guesses needed for the function to work, the symmetrical geometry of the spherometer presents a great advantage. An approximate value of the vertex radius must be provided. Once an approximate offaxis distance is also known, the value of Y D t can be assumed to be the same, which indicates the position of the spherometer indicator tip D t on the OAP segment along the y-axis. An approximate value of Y A t can be calculated from this depending on the orientation of the spherometer. Or if Y A t is known first, then Y D t can be calculated from Y A t . If the spherometer is pointing away from the parabolic vertex, the spherometer radius distance must be added to the Y D t value. If it is pointing toward the parabolic vertex, it should be subtracted. Once an approximate value of Y A t and Y D t are calculated, using the spherometer geometry, the center of the ball B along the x-and y-axes can be calculated. The same starting value can be used for both Y B t and Y B c . Since the vertex radius is approximately known and the Y A t approximation has also just been calculated, then an approximate value of Z B t can also be calculated from Eq. (2), where X can be equal to zero to simplify the calculation. Again, since the spherometer is small and its geometry is known, the same starting value can be used for both Z B t and Z B c . Note that all of these are approximated values, which is the advantage of this algorithm where even if the starting values are off by various millimeters, it can still converge to the correct solution. Detailed steps of the calculation of the starting guesses for a specific case are shown in Sec. 5 as an example.
The
Algorithm 1 shows the MATLAB code written to find the vertex radius value of the example in Sec. 5. It lists the equations that must be solved as well as the constraint equations, all listed previously. The case solved in Algorithm 1 is for when the distance from the parent vertex to the center of the off-axis segment, distance L, is 139.7 mm.
This algorithm can easily find the vertex radius using the measured sag at the origin of a parabola. This is the case when Y D t ¼ 0, making Eq. (8) L ¼ 0, indicating that the off-axis distance for the OAP is zero, which means it is no longer an OAP but an on-axis parabola. This also implies that in Eq. (9) Z D t ¼ 0. Figure 4 shows the case when the spherometer is resting along the meridional plane and when the tip indicator on the spherometer is located on the origin of the parabola. 6 The meridional plane indicates the plane of symmetry of the parabola.
Verification Experiment Using an 8-inch Off-Axis
Parabola To verify that the above proposed algorithm works, an 8-inch off-axis parabolic segment was measured using a 2-inch diameter spherometer. The manufacturer's prescription was known and was used for comparison purposes.
Care was taken to protect the optic during the contact measurements by using blue tape on the feet of the spherometer, as can be seen in Fig. 1 .
To arrive at the reasonable starting points needed for the function to work, the symmetrical geometry of the spherometer was used and the steps indicated in the previous section were followed. Initially, one must know an approximate value of the vertex radius (∼1300 mm). Once an approximate off-axis distance L is also known, the value of Y D t can be assumed to be the same. In this case, Y D t ¼ 139.4 mm, which can be rounded up to Y D t ∼ 140 mm to make the rest of the calculations easier. This Y D t value indicates the position of the spherometer indicator tip D t on the OAP segment along the y-axis from the parabolic origin.
An approximate value of Y A t can be calculated from Y D t depending on the orientation of the spherometer. In this case, the spherometer was pointing toward the parabolic vertex, therefore, ball A was closer to the origin than ball B, just as it is shown in Fig. 2 , therefore, the radius of the spherometer (2-inch diameter) was subtracted from Y D t , indicating that Y A t ¼ 140 − 25 ¼ 115 mm. Once Y A t was calculated using the spherometer geometry, the center of the ball B along the x-and y-axes was also approximately calculated and the same value was used as a starting point for both Y B t and Y B c because the spherometer ball feet are so small. In this case, the position of ball B along the x-axis was less than an inch away from the meridional plane, therefore, X B t ∼ 20 mm. Also, since Y B t was further away from the parabolic origin than the indicator tip, then roughly less than an inch was added to the off-axis distance to find the position of ball B on the y-axis, making Y B t ∼ Y B c ¼ 140 þ 20 ¼ 160 mm. Since the vertex radius was approximately known to be 1300 mm and Y B c ∼ 160 mm, then an approximate value of Z B t and Z B c was calculated from Eq. (2) for ball B, where X can be equal to zero because it is a small spherometer and it simplifies the calculation. Once the numbers were plugged into the equation Z B t ∼ Z B c ∼ 10 mm. Again, since the spherometer is small and the geometry is known, the same starting value can be used for both Z B t and Z B c . These seven calculated values were the needed starting guesses for the algorithm.
Several measurements were completed at three different positions on the mirror, as shown in Fig. 5(a) , while making an effort to maintain the orientation of the spherometer along the axis of symmetry of the parabolic mirror as it was displaced along the meridional plane. The spherometer was rotated 180 deg at each position on the mirror and the average and error at each position are shown in Fig. 5(b) . In this case, L ¼ 139.7 mm in Eq. (8), where the tip of the indicator position D t , was 139.7 mm away from the parabola vertex origin (0,0,0), which is shown as point 2 in the plot. Table 1 shows the results of the sensitivity analysis carried out on the measured data using the 2-inch diameter spherometer. The tolerances listed were based on our specific setup configuration. The five main sources of error listed were independently perturbed to find their effects on the vertex radius result. This table clearly shows that the most sensitive error source when calculating that the vertex radius is the measurement of the sag, where the sag sensitivity is significantly higher than the others. It is also important to note that it is key to have the spherometer measure along the meridian plane, since there is some sensitivity associated with the placement of the indicator tip along the x-axis. Multiple measurements were collected at each spherometer position.
Other error sources such as indicator position along the y-axis and spherometer radius contributed to changes of up to 3.28 mm in vertex radius results. The smaller error contributor was the radius of the spherometer balls, where even if they dilated or contracted up to 25 μm, the R V would only vary about 10 μm. Note that even when the spherometer indicator position was known to within 3 mm along the y-axis, the vertex radius calculation only varied <1 mm, making the calculation of the vertex radius not very sensitive to indicator position along the y-axis. The effect on the x-axis was five times greater, making the knowledge of position along the x-axis more sensitive. Table 1 shows that the vertex radius measurement of the 8-inch diameter OAP mirror using a three-ball spherometer has an uncertainty of 13.61 mm with the nominal radius of 1270 mm. The results of the algorithm indicated a calculated vertex radius of 1269 AE 13.61 mm, which is within the known prescription value of 1270 AE 3.175 mm. As mentioned previously, sag is the most sensitive parameter since One of the methods for measuring the vertex radius of the mirror when grinding was using a three ball, 56-inch diameter spherometer. Several measurements were completed at different positions on the mirror while making an effort to maintain the spherometer along the axis of symmetry of the parabolic mirror as it was displaced on its surface, as shown in Fig. 6 . In this case, L ¼ 4 m in Eq. (8), where the tip of the indicator D t was 4 m away from the parabolic origin (0,0,0). Table 2 shows the results of the sensitivity analysis carried out on the DKIST spherometer measured data. As with the previous table, the five main sources of error were independently perturbed to find their effects on the vertex radius result. The table shows that one of the most sensitive sources of error when calculating the vertex radius error is the measurement of the sag. Note that when measuring this large mirror with a large vertex radius, even when the spherometer indicator position was known to within 3-mm along the y-axis, the vertex radius calculation only varied 1.52 mm unlike the case when the spherometer position along the x-axis was known to within 3 mm where the vertex radius calculation varied 2.44 mm, making the calculation more sensitive to spherometer position knowledge on the x-axis than to the y-axis. Table 2 shows that the vertex radius measurement of the DKIST primary mirror using a three-ball spherometer had an uncertainty of 4.54 mm with the nominal radius of 16,000 mm. The algorithm calculated a vertex radius of 15;980 AE 4.54 mm. Since the mirror was measured during its grinding stages and there was still considerable figure error on the surface while the measurements were collected, the results indicate reasonable agreement with the final expected prescription of 16;000 AE 15 mm. Tables 1 and 2 show the various test setup sensitivities and their effect on the vertex radius calculation. A simple and quick way to obtain approximate sensitivities, and verify the results presented on the tables, is by calculating the derivative of Eq. (9) . The derivatives of the vertex radius with respect to sag and with respect to spherometer radius separately show similar results to the ones indicated in the tables in terms of dependency with sag and spherometer radius, respectively.
The tables also show larger sensitivities when using a smaller spherometer. A study was conducted which showed that as the spherometer size increased, the effect of the sensitivity on the vertex radius calculation decreased.
7 Spherometer Clocking Independency to Coma, Astigmatism, and Trefoil When calculating the vertex radius of an OAP with a spherometer, it is important to know if the spherometer will be able to detect astigmatism, coma, and trefoil present in the optic. More importantly, it is essential to understand if the presence of these aberrations affect the sag measurements of an optic.
Since the results presented in this paper make use of the spherometer symmetry and only present measurements collected from off-axis parabolic segments exclusively along the axis of symmetry of the parabola, it was important to verify if the clocking orientation of the spherometer along the meridional axis was sensitive to these aberrations.
Therefore, in order to verify the dependency of astigmatism, coma, and trefoil to spherometer clocking around the meridian, the Zernike polynomials were analyzed for these aberrations. In all three cases, the average of the polynomial was calculated as it phase shifted while looking for a dependency in angle ϕ. If the calculated average depended on ϕ, then the spherometer clocking would be dependent on such a Zernike polynomial.
For astigmatism, the average was calculated of its mathematical description r 2 cosð2θ þ ϕ þ n Ã 120 degÞ for three cases, when n ¼ 0, 1, 2. The results indicated that the average calculated was independent of ϕ. In other words, the sag reading is independent of the clocking position of the spherometer along the meridional plane for astigmatism.
The same study was conducted for the coma Zernike polynomial definition ð3r 3 − 2rÞ cosðθ þ ϕ þ n Ã 120 degÞ for n ¼ 0, 1, 2 and the trefoil Zernike polynomial definition r 3 cosð3θ þ ϕ þ n Ã 120 degÞ for n ¼ 0, 1, 2. The same conclusion was obtained, where the sag reading is independent of clocking position of the spherometer along the meridional plane for coma and trefoil.
Summary
It has been shown that the sag of an OAP measured with a three-ball spherometer may be used to calculate the vertex radius of the segment using a minimization function with a constraint equation in MATLAB where the parabolic equation was set as the constraint equation and where the starting values for the function can be easily calculated. The algorithm was applied to a pair of optical systems. A sensitivity analysis was done first on the 8-inch OAP mirror segment, where the vertex radius calculation was found to be 1269 AE 13.61 mm, which is within the known prescription value of 1270 AE 3.175 mm. Second, on the DKIST mirror, it found the vertex radius to be 15;980 AE 4.54 mm. Since the mirror was measured during its grinding stages and there was still considerable figure error on the surface, this result indicates reasonable agreement with the final expected prescription of 16;000 AE 15 mm.
In addition to this, the sensitivity calculation and a separate trade study indicated that as the size of the spherometer increases, the sensitivity to sag is reduced. Moreover, that astigmatism, coma, and trefoil are independent of spherometer clocking along the meridian plane of an OAP. Also, the vertex radius algorithm was found to have a precision of <1%. Finally, it is important to note that the algorithm presented can be easily expanded to any conic surface with high-order aspheric coefficients, as shown in Algorithm 1.
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